CAP PRODUCTS IN STRING TOPOLOGY 



HIROTAKA TAMANOI 



Abstract. Chas and Sullivan showed that the homology of the free loop space 
LM of an oriented closed smooth manifold M admits the structure of a Batalin- 
Vilkovisky (BV) algebra equipped with an associative product (loop product) 
and a Lie bracket (loop bracket). We show that the cap product is com- 
patible with the above two products in the loop homology. Namely, the cap 
product with cohomology classes coming from M via the circle action acts as 
derivations on the loop product as well as on the loop bracket. We show that 
Poisson identities and Jacobi identities hold for the cap product action, turn- 
ing H* (M) ® H* {LM) into a BV algebra. Finally, we describe cap products 
in terms of the BV algebra structure in the loop homology. 
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1. Introduction 

Let M be a closed oriented smooth d-manifold. Let D : H^{M) ^ H'^-*{M) 
be the Poincare duality map. Following a practice in string topology, we shift the 
homology grading downward by d and let ]HI_*(M) — Hd-*{M). The Poincare 

duality now takes the form D : ]HI_*(Af) H*{M). For a homology element a, let 
a I denote its H, -grading of a. 

The intersection product • in homology is defined as the Poincare dual of the cup 
product. Namely, for a, 6 £ H*(M), D{a ■ h) = D{a) U D{h). If a e H*{M) is dual 
to a, then aC\h = a ■ h, and its Poincare dual is a U D{b). Thus, through Poincare 
duality, the intersection product, the cap product, and the cup product are all the 
same. In particular, the cap product and the intersection product commute: 

(1.1) a n (6 • c) = (a n 6) • c = (-l)l"ll^l6 • {a D c). 

In fact, the direct sum H*{M) ®]HI*(Af) can be made into a graded commutative 
associative algebra with unit, given by 1 G H'^{M), using the cap and the cup 
product. 
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For an infinite dimensional manifold N, there is no longer Poincarc duality, and 
geometric intersections of finite dimensional cycles are all trivial. However, cap 
products can still be nontrivial and the homology H^{N) is a module over the 
cohomology ring H*{N). 

When the infinite dimensional manifold iV is a free loop space LM of continuous 
maps from the circle = R/Z to M, the homology H, (LM) = H^,+d{LM) has a 
great deal more structure. As before, \a\ denotes the H,-grading of a homology ele- 
ment a of LM. Chas and Sullivan [T] showed that H,(LM) has a degree preserving 
associative graded commutative product • called the loop product, a Lie bracket 
{ , } of degree 1 called the loop bracket compatible with the loop product, and the 
BV operator A of degree 1 coming from the homology action. These structures 
turn H*(LAf) into a Batalin-Vilkovisky (BV) algebra. The purpose of this paper 
is to clarify the interplay between the cap product with cohomology elements and 
the BV structure in m^{LM). 

Let p : LM M be the base point map ^(7) = 7(0) for 7 e LM. For a 
cohomology class a £ H*{M) in the base manifold, its pull-back p*{a) e H*{LM) 
is also denoted by a. Let A : S*^ x LM — > LM be the S^-action map. This map 
induces a degree 1 map A in homology given by Aa = A*([S'^] x a) for a G H»(LAf ). 
For a cohomology class /3 G if* (LAf), the formula A* (/3) = 1 x/3-f{5H x A/3 defines 
a degree —1 map A in cohomology, where {S*^} is the fundamental cohomology 
class. Although we use the same notation A in three different but closely related 
situations, what is meant by A should be clear in the context. 

Theorem A. Let 6, c G H*(LA'/). The cap product with a G H*{M) graded com- 
mutes with the loop product. Namely 

(1.2) a n (& • c) = (a n 6) • c = (-l)l"ll^l6 • (a n c). 

For a G H*{M), the cap product with Aa G H*{LM) acts as a derivation on 
the loop product and the loop bracket: 

(1.3) (Aa) n (fe • c) = (Aa n 6) • c + (-l)(l"l-i)l''l6 . (Aa n c), 

(1.4) (Aa) n {&, c} = {Aa n 6, c} + (-l)l"l-i)(l''l+i){fe, Aa n c}. 

The operator A acts as a derivation on the cap product. Namely, for a G H* (M) 
and b G M^{LM). 

(1.5) A(an6) = Aan&+(-l)l"lanA6. 

We recall that in the BV algebra H, (LM) , the following identities are valid for 
a,6,cGH,(LA//) 

(BV identity) A{a ■ b) = (Aa) • 6 + (-l)l°la ■ Afe + (-l)l''l {a, 6} 

(Poisson identity) {a, 5 • c} = {a, 5} • c + (-l)l''l(l''l+i)6 . {a, c} 

(Commutativity) a-b= (-l)l'^ll^l& • a, {a, b} = -(-l)(l'^l+i)(l''l+i){6, a} 

(Jacobi identity) {a, {6, c}} ^ {{a, b}, c} + (-l)(l'^l+i)(l''l+i){6, {a, c}} 

Here, dega ■ b — \a\ + deg Aa = \a\ + 1, and deg{a, b} = \a\ + \b\ + 1. 

We can extend the loop product and the loop bracket in H,(LA/) to include 
H*{M) in the following way. For a G H*{M) and b G M^{LM), we define the loop 
product and the loop bracket of a and b by 

(1.6) a-6 = an6, {a, 6} (-l)l"l(Aa) n 6. 
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Furthermore, the BV structure in H, (iAf) can be extended to the dh'cct sum 
A, = H*{M) © EI»(iAf) by defining the BV operator A on A, to be trivial on 
H*{M) and to be the usual homological action A on ]HI*(LAf). Here in A*, 
elements in H^{M) are regarded as having homological degree —k. 

Theorem B. The direct sum H*{M) H, (iA/) has a structure of a BV algebra. 
In particular, for a G H*{M) and b,c IHI,(LM), the following form of Poisson 
identity and the Jacobi identity hold: 

{a-b,c}^a- {b, c] + c} • b 

^^■^^ =a-{6,c} + (-l)l"ll^l6-{a,c}, 

(1.8) {a, {b, c}} - {{a, b}, c} + {a, c}}. 

All the other possible forms of Poisson and Jacobi identities are also valid, and 
the above two identities are the most nontrivial ones. These identities are proved by 
using standard properties of the cap product and the BV identity above in H* (LM) 
relating the BV operator A and the loop bracket { , }, but without using Poisson 
identities nor Jacobi identities in the BV algebra ]HI*(LM). 

The above identities may seem rather surprising, but they become transparent 
once we prove the following result. 

Theorem C. For a G H*{M), let a ^ a n [M] e H,(Af) be its Poincare dual. 
Then for b^ H,(iA/), 

(1.9) an& = a-6, (-1)1"! Aa n 6 = {a, 6}. 

More generally, for cohomology elements ao, ai, ... ar S H*{M), let ag, ai, . . . £ 
H»(Af) be their Poincare duals. Then for b £ IHI*(LAr), we have 

(1.10) (ao U Aai U ■ • • U Aa^) n b ^ {-l)^'''^+-+^''^^aQ ■ {oi, {03, . . . {a^, b] ■ ■ ■ }}. 

Since the cohomology H*{M) and the homology ]HI»(Af) are isomorphic through 
Poincare duality and ]HI*(Af) is a subring of H, (LAf), the first formula in (II. 9p is 
not surprising. However, the main difference between H*{M) and Mt,{M) in our 
context is that the homology action A is trivial on ( Af) C {LM) , although 
cohomology 5*^ action A is nontrivial on H*{M) and is related to loop bracket as 
in (HH). 

Theorem A and Theorem C describes the cap product action of the cohomology 
H*{LM) on the BV algebra M^{LM) for most elements in H*{LM). For example, 
for a e H*{M), the cap product with Aa is a derivation on the loop algebra 
]HI*(LAf) given by a loop bracket, and consequently the cap product with a cup 
product Aai U • • • U Aa^ acts on the loop algebra as a composition of derivations, 
which is equal to a composition of loop brackets, according to (|1.10[) . If H*{LM) is 
generated by elements a and Aa for a S H*{M) (for example, this is the case when 
H*{M) is an exterior algebra, see Remark l5.3p . then Theorem C gives a complete 
description of the cap product with arbitrary elements in H* {LM) in terms of the 
BV algebra structure in ]HI*(LAf). However, H*{LM) is general bigger than the 
subalgebra generated by H*{M) and AH*{M). 

Since M.^{LM) is a BV algebra, in view of Theorem C, the validity of Theorem 
B may seem obvious. However, in the proof of Theorem B, we only used stan- 
dard properties of the cap product and the BV identity. In fact. Theorem B gives 
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an alternate elementary and purely homotopy theoretic proof of Poisson and Ja- 
cob! identities in ]HI*(LM), when at least one of the elements a,b,c are in EI*(M). 
Similarly, Theorem C gives a purely homotopy theoretic interpretation of the loop 
product and the loop bracket if one of the elements are in ]HI»(M). 

Our interest in cap products in string topology comes from an intuitive geometric 
picture that cohomology classes in LM are dual to finite codimension submanifolds 
of LM consisting of certain loop configurations. We can consider configurations 
of loops intersecting in particular ways (for example, two loops having their base 
points in common), or we can consider a family of loops intersecting transversally 
with submanifolds of M at certain points of loops. In a given family of loops, 
taking the cap product with a cohomology class selects a subfamily of a certain 
loop configuration, which are ready for certain loop interactions. In this context, 
roughly speaking, composition of two interactions of loops correspond to the cup 
product of corresponding cohomology classes. 

The organization of this paper is as follows. In section 2, we describe a geometric 
problem of describing certain family of intersection configuration of loops in terms 
of cap products. This gives a geometric motivation for the remainder of the paper. 
In section 3, we review the loop product in IHI*(LM) in detail from the point of 
view of the intersection product in Hh<(M). Here we pay careful attention to signs. 
In particular, we give a homotopy theoretic proof of graded commutativity in the 
BV algebra IHI*(LM), which turned out to be not so trivial. In section 4, we prove 
compatibility relations between the cap product and the BV algebra structure, and 
prove Theorems A and B. In the last section, we prove Theorem C. 

We thank the referee for numerous suggestions which lead to clarification and 
improvement of exposition. 



2. Cap products and intersections of loops 

Let Ai,A2, . . .Ar and Bi, B2, . . .Bghe oriented closed submanifolds of M**. Let 
F c LM be a compact family of loops. We consider the following question. 

Question : Fix r points < tl,t^,...,t* < 1 in 5*1 = R/Z. Describe the 
homology class of the subset / of the compact family F consisting of loops 7 in 
F such that 7 intersects submanifolds Ai,...Ar at time tl,...t* and intersects 
Bi, . . . Bs at some unspecified time. 

This subset I C F can be described as follows. We consider the following diagram 
of an evaluation map and a projection map: 

^ r s 

(5^ X • • • X 5^) X LM — ^ M X ••• x M x M x ••• x M 
(2.1) I 



given by e{{ti, . ..ts),j) = (7(^1), . . .j{t;),-f{ti), . ..-f{ts)). Then the pull-back set 
^"^(11, X II j Bj) is a closed subset of 5^ x • • • x 5^ x LM. Let 



i=e-^([[Ai X '[[Bj)n{S^ x---xS^ xF). 

i j 
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The set / in question is given by / = t^2{I)- We want to understand this set 
/ homologicaUy, including multiplicity. Although e~^(ni^i x UjBj) is infinite 
dimensional, it has finite codimension in (S^Y x LM . So we work cohomologically. 

Let ai,f3j € H*{M) be cohoniology classes dual to [^4^], [Bj] for 1 < i < r and 
1 < j < s- Then the subset e^^(]^j Ai x Y\j Bj) is dual to the cohomology class 
6*(niQ;j X rij/^j) ^ H*{{S^y X LM). Suppose the family F is parametrized by 
a closed oriented manifold K by an onto map A : K — > F and let b = A, ([if]) £ 
IHI*(LM) be the homology class of F in LAI. Then the homology class of / in 
(5^)" X LM is given by 

(2.2) [/] = e*(Y[ a, x n {[S' x ■ ■ ■ x S'] x b). 

i 3 

Note that the homology class (7r2)*([/]) represents the homology class of / with 
multiplicity. 

Proposition 2.1. With the above notation, (7r2)*([/]) is given by the following 
formula in terms of the cap product or in terms of the BV structure: 

i^2).m = (-1)^^ ■ • ■ a.(A/3i) • ■ • (A/3,)) n b 

= 3\0.\-^[A,] ■ ■ ■ [A,] ■ {[Bi], {. . -mib} . . . } e H,(LM). 

Proof. The evaluation map e in (|2.ip is given by the fohowing composition. 

s r+s 



X ■ ■ ■ X X LM {S^ X ■ ■ ■ X S^) X LM X ■ ■ ■ X LM 



T 



LM X ■■■ X LM X {S^ X LM) x • • • x (5^ x LM) 
:Y^^^ {LMx---xLM)x{LMx---xLM) (Af x • • • x Af) x (Af x • • • x Af), 



where is a diagonal map, T moves factors. Since we apply {1^2)* later, we 
only need terms in e*(J| x J]^ Bj) containing the factor {S*^} x • • • x {5^}. Since 
A*p*{pj) = lxp*(/3j)+{S'^}xA/3j for 1 < j < s, following the above decomposition 
of e, we have 

e*(ai X • ■ • x X /3i X • ■ • x/3s) = e{S'^}'' x (ai • • ■ ar{APi) ■ ■ ■ (A/3s)) + other terms, 

where the sign e is given by e = (— i)EI=i('5-^)(IA|-i)+s kd. Thus, taking the 
cap product with [S^Y ^ ^ a-pplying (7^2)*, we get 

7i'2*(e*(ai X • • • x X /3i X • • • X f3s) n ([5^] x • • • x [S^] x b)) 

= . . . a,(A/3i) • • • (A/3,) n b. 

The second equality follows from the formula p.lOp . □ 
Remark 2.2. In the diagram (j2.ip . in terms of cohomology transfer n^' we have 
(2.4) TT2-e*{ai x • ■ • x x /3i x • ■ • x /?,) = ±ai • ■ • a^(A/3i) • • • (A/3,), 

where 7r2'(a) Hb = (-I)^l"l7r2, (a n Tr2\{b)) for any a G H*{{S^)' x LM) and 
b e M^{LM). Here 7121(6) = [^i]" x b. 
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3. The intersection product and the loop product 

Let M be a closed oriented smooth d-manifold. The loop product in H* [LM) was 
discovered by Chas and Sullivan Ij, in terms of transversal chains. Later, Cohen 
and Jones ,2; gave a homotopy theoretic description of the loop product. The 
loop product is a hybrid of the intersection product in ]HI,(A/) and the Pontrjagin 
product in the homology of the based loop spaces i/*(r2M). In this section, we 
review and prove some properties of the loop product in preparation for the next 
section. Our treatment of the loop product follows 2 . However, we will be precise 
with signs and give a homotopy theoretic proof of the graded commutativity of the 
loop product, which pi did not include. For the Frobenius compatibility formula 
with careful discussion of signs, see [10]. For homotopy theoretic deduction of the 
BV identity, see pT] . 

For our purpose, the free loop space LAI is the space of continuous maps from 
— M/Z to M. Our discussion is homotopy theoretic and does not require 
smoothness of loops, although we do need smoothness of M which is enough to 
allows us to have tubular neighborhoods for certain submanifolds in the space of 
continuous loops. Recall that the space LM of continuous loops can be given a 
structure of a smooth manifold. Sec the discussion before Definition 13.21 

Let p : LM — > M be the base point map given by ^(7) = 7(0). Let s : M — > 
LM be the constant loop map given by s(x) = c^, where is the constant loop at 
X e M . Since p, o = 1, H,(Af) is contained in (iil/) through and we often 
regard ]HI*(Af) as a subset of H, (LM). 

We start with a discussion on the intersection ring M^,{M) and later we compare 
it with the loop homology algebra H, (LAI) . An exposition on intersection products 
in homology of manifolds can be found on Dold's book 4J, Chapter VIII, §13. Our 
sign convention (which follows Milnor 6 ) is slightly different from Dold's. We give 
a fairly detailed discussion of the intersection ring (Af) because the discussion 
for the loop homology algebra goes almost in parallel, and because our choice of 
the sign for the loop product comes from and is compatible with the intersection 
product in H»(Af). Compare formulas p.6p and (|3.1ip . 

Those who are familiar with intersection product and loop products can skip 
this section after checking Definition 13.21 

Let D : H,(Af) ^ H'^-*{M) be the Poincare duality map such that D{a)r\[M] = 
a for a e ]HI*(Af). We discuss two ways to define intersection product in ]HI»(Af). 
The first method is the official one and we simply define the intersection product 
as the Poincare dual of the cohomology cup product. Thus, D{a ■ b) — D{a) U D{b) 
for a,b e M^iM). For example, we have a-b= (-l)l''ll''l6 • a. 

The second method uses the transfer map induced from the diagonal map : 
M — > M X M. Let v be the normal bundle to (f>{M) in M x M, and we orient v by 
v®(j)*{TM) ^ T{M X M)\^(M)- Let u' G H'^{(t){MY) be the Thom class of v. Let 
iV be a closed tubular neighborhood of 4i{M) in Af x Af so that D{v) = N, where 
D{i') is the associated closed disc bundle of i^. Let vr : N — > Af be the projection 
map. Then the above Thom class can be thought of as u' £ H'^{N/dN), and we 
have the following commutative diagram, where c : M x M — > N/dN is the Thom 
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collapse map, and ln and j are obvious maps. 

H'^{N, N - 0(M)) ~ ) H'^{N, ON) 3 u' 

(3.1) |e* 

u" e iJ'*(M X M, Af X M - (j){M)) ^' > i/'^(M x A/) 9 u 

Let m" e H'^[M X M,M X M - (j){M)) and u e i/'^(Af x Af) be the classes 
corresponding to the Thorn class. We have u ~ c*(w') = j*{u"). This class u is 
characterized by the property -u n [Af x Af] = 4>^{[M]), and (j)*{u) = e H'^{M) 
is the Euler class of Af . See for example section 11 of [6 . The transfer map (j)< is 
defined as the following composition: 

(3.2) 0! : ff^Af X Af) ^ H^N/dN) ^^^^^ H^-d{N) ^ H^^d{M). 

For a homology element a, let \a\' denote its regular homology degree of a, so 
that we have a e ff|a|(Af) and \a\' = \a\ + d. 

Proposition 3.1. Suppose M is a connected oriented closed d-manif old with a base 
point xq. The transfer map (f)\ : H^(M x Af) — > ff*_rf(Af) satisfies the following 
properties. For a,b G H<,(M), 

(3.3) <^*0!(a X 6) = u n (a X 6) 

(3.4) ^,Maxh)=x{M)[xo] 
For ae H*{M X M) and b,ce H^M), we have 

(3.5) 0! {aC^{bx c)) = (-l)''l"l(/.*(a) n 0,(6 x c). 

The intersection product and the transfer map coincide up to a sign. 

(3.6) a-6= (-l)''(l"l'-'*V!(a X 6). 

Proof. For the first identity, we consider the following commutative diagram, where 
M"^ denotes M x M. 



H^iM^) f/,(Af2,Af2-</,(Af)) H,-d{M^) H,-d{M^) 

The commutativity implies that for a,b £ H^{M), we have (j)^,4'\ — u" H j*(a xb) = 
3*[u") C\{axb)^uC\{axb). 

To check the second formula, we first compute 0,010, ([Af]). By the first formula, 
0,0!0,([Af]) = un0*([Af]) = 0,(0* (u)n [Af]). Since 0*(u) is the Euler class ga/, 
this is equal to 0, {cm n [Af ] ) = x(Af ) [(xo , xo)] . Since Af is assumed to be connected, 
0, is an isomorphism in ffo. Hence 0!0*([Af]) = x(Af)[a;o] € ffo(Af). 

For the next formula, we examine the following commutative diagram. 

ff,(Af2) H,{N,dN) H,-d{N) H,-d{M) 

an( )| tN(Q)n( )| tN(a)n( )| ''^"4 

ff,_l„|(Af2) ff,_|„|(7V,9iV) ff,_d_|„|(7V) ff,_d_|„|(Af) 
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where l' : M N is an inclusion map and l'^ = (tt*) ^. The middle square 
commutes up to (— l)'"''^. The commutativity of this diagram immediately implies 
that L*{a) n (/)!(a X 6) = (a fl (a x b)). 

For the last identity, we apply on both sides and compare. Since a ■ b — 
(f>*[D{a) X D{h)) n [M], we have 

(A4a • b) = {D{a) X D{b)) n 0*([M]) 

= (D(a) X D{b)) n (un [M]) 

= n (a X 6) = (-l)''(l'^l'-''V*0!(a x 6). 

Since 0* is injective, we have a ■ b = ( — ^'')0!(a x b). □ 

These two intersection products, one defined using the Poincare duality, and 
the other using Pontrjagin Thom construction, differ only in signs. However, the 
formulas for graded commutativity take different forms. 

(3.7) a-fe = (-l)('*-|"l')('*-|''l')6-a 

(3.8) Ma X &) = (-l)l'^l>l'+'' <?!>,(& X a) 

The sign (—1)'' in the second formula above comes from the fact that the Thom 
class u G H'^{M X M) satisfies T*{u) ~ (— l)''u, where T is the switching map of 
factors. 

Next we turn to the loop product in iJ, (LAI). We consider the following diagram. 
LM X LM ^ — LM Xm LM — ^ LM 
(3-9) ^^''1 

M X M ^ — M 

where LM Xm LM — {p x p)^^{(f){M)) consists of pairs of loops (7,»7) with the 
same base point, and 1(7, 77) = 7 • is the product of composable loops. Let 
N = {px p)^'^{N) and let c : LM x LM — > N/dN be the Thom collapse map. 
Let TT : N — > LM Xm LM be a projection map defined as follows. For (7, 77) G N, 
let their base points be {x,y) G N. Let TT{x,y) = {z,z) G (f>{M). Since N = D{v) 
has a bundle structure, let t{t) — {£i{t) , £2{t)) be the straight ray in the fiber over 
(z, z) from (z, z) to (x, y). Then let 71- ((7, ry)) = (£1 •7-^ j"^, ^2 •?/-^2'^)- By considering 
^[t,i]: see that tt is a deformation retraction. 

In fact, more is true. Stacey ([|73, Proposition 5.3) showed that when Lsmooth-^ 
is the space of smooth loops, N has an actual structure of a tubular neighborhood 
of LM Xm LM inside of LM x LM equipped with a diffeomorphism p*[D{v)^ = 

N . His proof only uses the smoothness of M and exactly the same proof applies 
to the space LM of continuous loops and N still has the structure of a tubular 
neighborhood and we again have a diffeomorphism p*(^D{iy)^ = N between spaces 
of continuous loops. But we do not need this much here. 

Let u' = {px pYiu') G H'^{N/dN), and u ^ {p x pY(u) G H^^iLM x LM) be 
pull-backs of Thom classes. Define the transfer map j\ by the following composition 
of maps. 
(3.10) 

J! : H,{LM X LM) ^ H^N/ON) ^^^^^ H,-d{N) ^ H^-d{LM Xm LM). 
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The tubular neighborhood structure of N implies that the middle map is a genuine 
Thom isomorphism. 

Definition 3.2. Let M be a closed oriented d-manifold. For a,b E M^,{LM), their 
loop product, denoted by a • 6, is defined by 

(3.11) a • 6 = (-l)'^(l'^l'-'^)/„j,(a x ^) = (-l)'*''''i*j! (a x b). 

The sign (— l)''(l'*l ~'') appears in [3j in the commutative diagram (1-7). We 
include this sign explicitly in the definition of the loop product for at least three 
reasons. The most trivial reason is that on the left hand side, the dot representing 
the loop product is between a and b. On the right hand side, j\ of degree —d 
representing the loop product is in front of a. Switching a and j\ gives the sign 
The other part of the sign (—1)'' comes from our choice of orientation 
of I' and ensures that s»([Af]) e Ho(£M), with the -I- sign, is the unit of the loop 
product. We quickly verify the correctness of the sign. 

Lemma 3.3. The element s^{[M]) G M.q{LAI) is the unit of the loop product. 
Namely for any a G M^(LM), 

(3.12) s4[M]) ■ a = a ■ s4[M]) = a. 

Proof. We consider the following diagram. 

LM = LM 



M xM J^ll^ M X LM ( ^" M xm LM = LM 

sxl 

M X M LM X LM ^ — LM Xm LM — ^ LM 

In the induced homology diagram with transfers j\ and j{, the bottom middle square 
commutes because transfers are defined using Thom classes pulled back from the 
same Thom class u of the base manifold. Thus, 

s4[A/]) • a = i^j^Xs X 1),([A/] X a) = i'.{[M] x a). 

Here, since [M] has degree d, the sign in ()3.11ll is +1. Since 7r2 oj' = 1, the identity 
on LM, 

j!i[M] xa) = 7T2j'Ji[M] X a) = ^2*((1 x p)*(u) n ([M] x a)). 

Due to the way f is oriented, the Thom class u is of the form u = {M} x 1 + • • ■ -|- 

(-1)'*1 X {M}. Hence 7r2*((l x p)*{u) n ([M] x a)) = 7r2H.([a;o] x a -\ ) a. 

The other identity a ■ s,([M]) — a can be proved similarly. This completes the 
proof. □ 

The second reason is that this choice of sign for the loop product is the same 
sign appearing in the formula for the intersection product defined in terms of the 
transfer map ()3.6|) . This makes the loop product compatible with the intersection 
product in the following sense. 

Proposition 3.4. Both of the following maps are algebra maps preserving units 
between the loop algebra M^^LM) and the intersection ring M^{AI). 

(3.13) ; H,(LM) — > M^{M), : H,(M) — > H,(LM). 



S X M 1 
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Proof. The proof is more or less straightforward, but we discuss it briefly. We 
consider the following diagram. 



LM X LM 



pxp 



M X M 



LM X LM ^ 



LM X M LM 



M 



LM 



M 



LM 



~ LM X M LM - 

Since the Thom classes for embeddings j and are compatible via (j> x p)*, the 
induced homology diagram with transfers j\ and is commutative. Then by dia- 
gram chasing, we can easily check that p, and s, preserve products because of the 
same signs appearing in ()3.6|) and (j3.11|) . □ 

The third reason of the sign for the loop product is that it gives the correct 
graded commutativity, as given in [IJ proved in terms of chains. We discuss a ho- 
motopy theoretic proof of graded commutativity because [2] did not include it, and 
because the homotopy theoretic proof itself is not so trivial with careful treatment 
of transfers and signs. Contrast the present homotopy theoretic proof with the 
simple geometric proof given in [IJ. 



Proposition 3.5. For a, 6 G 

holds: 



f (LM) , the following graded commutativity relation 



(3.14) 



Proof. We consider the following commutative diagram, where _Ri is the rotation 
of loops by i, that is, Ri{j){t) = j{t + i). 



LM X LM 
LM X LM 



LM X M LM 
LM xm LM 



LM 



LM 



Since Ri is homotopic to the identity map, we have Ri = 1. Hence 

a-b= (-l)'^(l"l'-'^)i,j!(a xb) = {-l)'^^^''^'-'^\.,T.,j,ia x b). 

Next we show that the induced homology square with transfer j'l, we have T^j'i — 
{—l)'^j\T^,. Since the left square in the above diagram commutes on space level, we 
have that T^j\ and jiT* coincides up to a sign. To determine this sign, we compose 
j„ on the left of these maps and compare. Since the homology square with induced 
homology maps commute, 

j*T*j!(a X b) = Tf.jf.j\{a x b) — T^, (^u Ci {a x 6)). 

On the other hand, 

j^j,T,{a X 6) = M n r,(a X fo) = T,{T*{u) n (a x &)). 

We compare T*{u) and u. Since u — {p x p)*{u), we have T*{u) ~ {p x p)*T*{u). 
Since u is characterized by the property ur\[M x M\ — (j):t{[M\) and T o = 0, we 
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have 

M[M]) = T,(/)*([M]) = T*{u)nT4[M X M]) = T*{u) D {^lf[M x M]. 

Thus T*{u) — {—lYu. Hence T*{u) — {—lYu. In view of the above two identities, 
this impUes that j^T^j\ = {-iy''j*j\T^, or T^ji = {-lYj^T^. 
Continuing our computation, 

a-b^ (-l)''l°l't*j!T,(o X 6) = X a) ^ . a. 

This completes the homotopy theoretic proof of commutativity formula. □ 

Remark 3.6. If we let ^ = t^ji : H^LM) (g) ]HI,(LAf) — > H^LM), then using the 
method in [10] , we can show that the associativity of /i takes the form o (1 (g) /i) = 
{—lY^o 1). With our choice of the sign for the loop product in Definition 
13.21 we can get rid of the above sign and we have a usual associativity relation 
{a ■ h) ■ c — a ■ {h ■ c) for the loop product without any signs for a, 6, c G EI*(LM). 
This is yet another reason of our choice of the sign in the definition of the loop 
product. 

The transfer map j\ enjoys the following properties similar to those satisfies by 
as given in Proposition [5TlJ The proof is similar, and we omit it. 

Proposition 3.7. For a,b e H,(iM) and a e H*{LM x LM), the following 
formulas are valid. 

(3.15) j*j\{a X b) = un{a X b) 

(3.16) J! (an (a x b)) = {-lf^"^j*{a)nj<{b x c) 

The second formula says that ji is a H*{LM x LM)-module map. 

4. Cap products and extended BV algebra structure 

We examine compatibility of the cap product with the various structures in the 
BV-algebra H^LM) = H^+d{LM). 

We recall that a BV-algebra A* is an associative graded commutative algebra 
equipped with a degree 1 Lie bracket { , } and a degree 1 operator A satisfying 
the following relations for a, 5, c G A, : 

(BV identity) A(a • b) = (Aa) • b + (-l)l°la ■ M + (-l)l°l{a, 5} 

(Poisson identity) {a, 5 • c} = {a, 5} • c + (-l)l''l(l''l+i)6 . {a, c} 

(Commutativity) a-b= (-l)l'^ll^l6 • a, {a, 6} = -(-l)(l''l+i)(|h|+i){&, a} 

(Jacobi identity) {a, {6, c}} = {{a, 6}, c} + (-l)(l'^l+i)(l''l+i){6, {a, c}} 

Here, degrees of elements are given by Aa S A|(j|_|_i,a • b G and {a, 5} e 

^|a|+|b|+i- One way to view these relations is to consider operators Da and Ma 
acting on A, for each a £ given by Da{b) = {a,b} and Ma{b) = a ■ b. Let 
[x,y] = (— 1)1^11^1 be the graded commutator of operators. Then the Poisson 
identity and the Jacobi identity take the following forms: 

(4.1) [Da, Mb] = M^aM^ [Da,Db] = D{a,b}, 

where degrees of operators are \Da \ = |a| + 1 and \Mb\ = \b\. 

One nice context to understand BV identity is in the context of odd symplectic 
geometry ([5], §2), where BV operator A appears as a mixed second order odd 
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differential operator, and BV identity can be simply understood as Leipnitz rule 
in differential calculus. This context actually arises in loop homology. In [9], we 
explicitly computed the BV structure of M^,{LM) for the Lie group SU(n + 1) and 
complex Stiefel manifolds. There, the BV operator A is given by second order 
mixed odd differential operator as above, and M^,{LM) is interpreted as the space 
of polynomial functions on the odd symplectic vector space. 

The fact that the loop algebra IE1I*(LA'/) is a BV-algebra was proved in 1 . Note 
that the above BV relations are satisfied with respect to H*-grading, rather than 
the usual homology grading. The same is true for compatibility relations with cap 
products. 

First we discuss cohomological action operator A on H*{LM). Let A : 
X LM — > LM be the 5^ action map given by A(t, 7) = 7*, where 7t(s) — 7(s+i) 

for s,< e S"^ = E/Z. The degree -I operator A : H*{LM) — > H*-'^[LM) is 

defined by the following formula for a G H*{LM): 

(4.2) A*(a) = 1 X a + {S'i} X Aa 

where {5^} is the fundamental cohomology class of . The homological action 
A is not a derivation with respect to the loop product and the deviation from being 
a derivation is given by the loop bracket. However, the cohomology S^-operator A 
is a derivation with respect to the cup product. 

Proposition 4.1. The cohomology -operator A satisfies A^ = 0, and it acts as 
a derivation on the cohomology ring H*(LM). That is, for a,f3 £ H*{LM), 

(4.3) A(aU/3) = (Aa) U/3+ (-I)l"laU A/3. 

Proof. The property A^ = is straightforward using the following diagram 
S"! X X LM ^""^ ) X LM 

1 4 

X LM ^ > LM 

Comparing both sides of (1 x A)*A*(a) = {n x l)*A*(a), we obtain A^(q:) = 0. 
For the derivation property, we consider the following diagram. 

5-1 X LM (51 X 5I) X (LM X LM) I21l211^ (51 x LM) x (5^ x LM) 

AxA 

LM — ^ LM X LM = LM x LM 

On the one hand, A*(/)*(a x /3) = A*(q;U/3) = I x (a U /3) + {S^} x A(a U/3). On 
the other hand, 

{(f>X(j))*{l X Tx I)*(A X A)*{a x /3) = 1 x (qU/3) + (-I)l"l{S'i} x (aUA/3 + AaU/3). 
Comparing the above two identities, we obtain the derivation formula. □ 

We can regard the cohomology ring H*{LM) together with cohomological 
action A as a BV algebra with trivial bracket product. 

Now we show that the cap product is compatible with the loop product in the 
BV-algebra ]HI,(LAf). The following theorem describes the behavior of the cap 
product with those elements in the subalgebra of H*{LM) generated by H*{M) 
and A{H*{M)). 



fJ.Xl 
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Theorem 4.2. Let a E H*{M) and b,c e M^{LM). The cap product with p*{a) 
behaves associatively and graded commutatively with respect to the loop product. 
Namely 

(4.4) p*{a) n (6 • c) = {p*{a) nb)-c= (-l)l"ll''l6 ■ {p*{a) n c). 

The cap product with A(p*(q;)) is a derivation on the loop product. Namely, 

(4.5) A(p*(a)) n(5-c) = {A{p*{a)) Db) • c + (-l)(l"l-i)l''l6 • (A(p*(a)) n c). 

Proof. For the first formula, we consider the following diagram, where tt^ is the 
projection onto the ith factor for i = 1,2. 



LM 
p 

M 



LM X LM 

M X M ^ 



LM X M LM 

Q 

M 



LM 

p 

M 



Sincep*(Q;)n(&-c) = {-l)'^^''^L^,{L*p*{a)nj\{b x c)), we need to understand L*p*{a). 
From the above commutative diagram, we have i*p*{a) = j*'!T*p*{a), which is 
equal to either j*{p*{a) x 1) or x p*{a)). In the first case, continuting our 
computation using (|3.16p . we have 

p*{a) n (5 . c) = i-lY^'^i.ifip^a) X 1) n j^^^ x c)) 

^{-lf'M'^\,^,j,{{p*{a) X l)n(6xc)) 
^{-lf''M-\,,j,({p*{a)nb)xc) 
= {p*{a) n 6) • c. 

Similarly, using L*p*{a) = xp*(Q;)), we get the other identity. This proves (1). 
For (2), we first note that the element A(p*{a)) H {b ■ c) is equal to 

A(p*(a)) n i^lf'^L^Mb X c) - i-lf'\^L*{Aip*{a))) n ^b x c)). 

Thus, we need to understand the element i* (A(p*(a))) . We need some notations. 
Let / = Ji U I2, where /i = [0, i] and L2 ~ 1], and set Si = li/dli for i = 1,2. 
Let r : 51 = I/dL — > //{O, \, 1} = S\ V S\ be an identification map, and let 
Li : S} — > Sl V S2 be the inclusion map into the ith wedge summand. We examine 
the following diagram 



X {LM X LM) 

M 



IXi. 



X LM 



{Sl V Sl)x {LM X LM) ^ 

M 



M 



{0} X {LM X LM) 

M 



LM 



where e — po A is the evaluation map for S^ x LM, and the other evaluation map 
e' is given by 

e'{t.n) = h^'^ 

'^'^'^^ \v{2t~l) i<t<L 

For ae H*{M), we let 

e'*{a) = 1 X i*p*{a) + {sl} x Ai(a) + {S^} x A2(a) 



14 



HIROTAKA TAMANOI 



for some Ai{a) e H*{LM Xm LM) for i = 1,2. The first term in the right hand 
side is identified using the right square of the above commutative diagram. Since 
r*{{Sl}) = {S^}iovi=l,2, 

(r X i)*e'*(a) = 1 x L*p*{a) + {S^} x (Ai(a) + A2(a)). 

The commutativity of the left square implies that this must be equal to 

(1 x t)*AV(a) = 1 X i*p*{a) + {S^} x i*A{p*{a)). 

Hence we have 

t*(A(p*(a))) = Ai (a) +A2 (a) eiJ*(LMxMiM). 

To understand elements Ai(a), we consider the following commutative diagram, 
where lx{t) = 2t for < t < ^ and f2(t) = 2f - 1 for ^ < i < 1. 

S} X {LM Xm LM) Ji21i^ s'^ x {LM x LM) -1^^ 51 x LM 

l-iXl 

{Si V Sl)x {LM Xm LM) > M ^ — LM 

On the one hand, {ii x l)*e'*{a) = 1 x i*p*{a) + {S\} x /S.\{a). On the other hand, 

{h X (1 X 7ri)*AV(a) - 1 x 3*{p*{a) x l) + {S\} x .f (A(p*(a)) x l). 

By the commutativity of the diagram, we get Ai (a) — j* {A{p* (a)) x l) . Similarly, 
i = 2 case implies A2(a) = j*(l x A{p*{a))). Hence we finally obtain 

i*{A{p*{a))) =j*{A{p*{a)) x 1 + 1 x A{p*{a))). 

With this identification of L*{A{p*{a))) as j* of some other element, we can con- 
tinue our initial computation. 

A{p*{a)) n (fe • c) = (A(p*(a)) x 1 + 1 x A{p*{a))) D j,{b x c)) 

= (-l)'i|f|+(l"l-i)'i,,j,((A(p*(a)) X 1 + 1 X A{p*{a))) n{bx c)) 

= {-l)'i(\'^\+W-^\j,(^{A{p*{a))nb) xc+(-l)(l^l+'^'(l«l-i)6x (A(p*(a))nc)) 

= (A(p*(a))n6) •c+(-l)(l«l-^)l^l6- (A(p*(a))nc). 

This completes the proof of the derivation property of the cap product with respect 
to the loop product. □ 

Next we describe the relation between the cap product and the BV operator in 
homology and cohomology. 

Proposition 4.3. For a e H*{LM) and b e M^{LM), the BV-operator A satisfies 

(4.6) A(an6) = (Aq) n6+ (-l)'"lan A6. 

Proof. On the one hand, the S^-action map A : x LM — > LM satisfies 

A*(A*(a)n([S'i] x6)) =anA4[S'i] xb) = anAb. 
On the other hand, since A* (a) = 1 x a + {S^} x Aa, we have 
A.(A*(a)n([5^] x6)) = A.((-l)H[5i] x (a n 6) + (-l)l"l-i[pi] x (Aan6)) 
= (-l)l«lA(a nb) + (-l)l"l-^Aa n b. 
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Comparing the above two formulas, we obtain A(an6) — Aan6+(— l)l"lanA6. □ 

Since homology BV operator A on M^,{LM) acts trivially on H,(Af), the follow- 
ing corollary is immediate. 

Corollary 4.4. For a G H*{M), the cap product of Aa with H^Af) C H^LM) 
is trivial. 

Proof. For b G M^{M), the operator A acts trivially on both a Cib and b. Hence 
formula imphes (Aa) Cib = 0. □ 

Next, we discuss a behavior of the cap product with respect to the loop bracket. 

Theorem 4.5. The cap product with A(p*(a)) is a derivation on the loop bracket. 
Namely, for a G H*{M) and b,ce M^{LM), 

(4.7) A{p*{a)) n {5, c} = {A{p*{a)) nb,c} + (-l)(l"l-i)(l''l-i){6, A(p*(a)) n c}. 

Proof. Our proof is computational using previous results. We use the BV identity 
as the definition of the loop bracket. Thus, 

{b,c} = (-l)l^lA(6-c) - (-1)I''I(A6) -c-fe- Ac. 

We compute the right hand side of (14. 7p . For simplicity, we write Aa for A(p*(a)). 
Each term in the right hand side of ()4.7|) gives 

{Aa n 5, c} = (-l)l''l-l"l+iA((Aa n 6) • c) - (-l)l''l(Aa n A6) • c - (Aa n b) ■ Ac, 

{b, Aa n c} = (-l)l''l A(6 • (Aa n c)) - (-l)l''l A6 • (Aa He) - {-l^^'^-^b ■ (Aa n Ac), 

Here we used (j4.6p for the second term in the first identity and in the third term 
in the second identity. Combining these formulas, we get 

{Aa nb,c} + (-i)(l"l-i)(|f'l+i){6, Aa n c} 

^ [(-l)l''l-l"l+iA((Aa n &) • c) + (-l)l''l+(l"l-i)(l''l+i)A(6 • (Aa n c))] 

- [(-l)l''l(Aa n A6) • c + (-i)(l"l-i)(|f'l+i)+l''lA6 • (Aa n c)] 

- [(Aa n &) ■ Ac + (-i)(l"l-i)(|f'l+i)+l"l-i6 . (Aa n Ac)] . 

Using the derivation formula for Aa n ( ) with respect to the loop product (14.51) . 
three pairs of terms above become 

(-l)l^l-l"l+iA(Aa n (6 ■ c)) - (-l)l''lAa n {Ab • c) - Aa n (6 • Ac) 

= Aa n [(-l)l''l A(6 • c) - (-l)l''l A6 • c - 6 • Ac] = Aa n {5, c}. 
This completes the proof of the derivation formula for the loop bracket. □ 

Recall that in the BV algebra H*(LM), for every a G M.^,{LM) the operation 
{a, ■ } of taking the loop bracket with a is a derivation with respect to both the 
loop product and the loop bracket, in view of the Poisson identity and the Jacobi 
identity. Since we have proved that the cap product with Ap* (a) for a G H* (M) is a 
derivation with respect to both the loop product and the loop bracket, we wonder if 
we can extend the BV structure in M^{LM) to a BV structure in H*{M)®M^{LM). 
Indeed this is possible by extending the loop product and the loop bracket to 
elements in H*{M) as follows. 
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Definition 4.6. For a, f3 e H*{M) and h £ H*(LA/), we define their loop product 
and loop bracket by 

a-6 = an6, {a, 5} = (-1)1"! (Aa) n 6, 
4.8 I ^ I \ J \ ) ^ 

a-P = aU(3, {a,/3} = 0. 

This defines an associative graded commutative loop product by (|4.4p , and a bracket 
product on ff*(M) © H*(LM). 

Note that this loop product on H*{M) ]HI*(LAf) reduces to the ring structure 
on H*{M) © ]HI*(Af) mentioned in the introduction. 

With this definition, Poisson identities and Jacobi identities are still valid in 

H*{M)®W^{LM). 

Theorem 4.7. Let a,l3 e H*{M), and let b,ce M^{LM). 

(I) The following Poisson identities are valid in H*{M) ©H, (iM): 



(4.9) {a, /? • c} = {a, /?} • c + (-l)l/3|(l"hi);3 . c} 

(4.10) {aP, c} = a • {/3, c} + (-l)l"ll'^l/3 • {a, c} 

(4.11) {a, 6 • c} = {a, 6} • c + (-l)(i''l-'^)(l"l-i)6 . {«, c} 

(4.12) {a • 6,c} = a • {6,c} + (-l)l"l(l''l-'')fe • {a, c}. 

(II) The following Jacobi identities are valid in H*{M) ©]HI*(LM): 

(4.13) {a,{/3,c}} = {{a,/3},c} + (-l)(H-i)(l/3|-i){^^{^^c}} 

(4.14) {a, {&, c}} = {{a, 6}, c} + (-l)(l"l-i)(l^l-'^+i){6, {«, c}}. 



Proof. If we unravel definitions, we see that (|4.9p and (|4.13|) are really the same as 
the graded commutativity of the cup product of the following form 

(Aa) n (6 n c) = (-i)i^i(i"i-i)/3 n (Aa n c), 
(Aa) n (A/3nc) = (_i)(l"l-i)(l/3|-i)(A/3) n ((Aa) nc). 

the identity ()4.10|) is equivalent to the derivation formula (|4.3p of the cohomology 
action operator with respect to the cup product. 

A(a U /?) = (Aa) U /3 + (-l)l"la U (A/3). 

The identity (|4.1ip says that Aa fl ( ) is a derivation with respect to the loop 
product, and the identity (|4.14p says that Aa fl ( ) is a derivation with respect to 
the loop bracket. We have already verified both of these cases. Thus, what remains 
to be checked is formula (|4.12p . which says 

{a n 6, c} a n {6, c} + (-l)l"ll''l+l"l6 • (Aa n c). 

Using the BV identity, the derivation formula (|4.6p of the BV operator with respect 
to the cap product, and properties of an( ) and Aan( ), we can prove this identity 
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as follows. 

(_l)|b|-|"l{Q, n fe, c} = A((a n 6) • c) - A(a n 6) • c - (a (lb) -Ac 

= A{a n (b ■ c)) - (Aa n 6 + n A6) • c - (-l)l''l-l"la n (b ■ Ac) 

= (Aa) n (fo • c) - (Aa n 6) • c + (-l)l"la n A(fe • c) 

- n (A& • c) - (-l)l''l-l"la n (6 • Ac) 

= . (Aa n c) + (-l)l"l+l''la n {6, c}. 

Canceling some signs, we get the desired formula. This completes the proof. □ 

Other Poisson and Jacobi identities with cohomology elements in the second 
argument formally follow from above identities by making following definitions for 
a G H*{M) and b e H,(iA/): 

b-a = (-f)l"ll''la • 6, {b, a} ^ -(-l)(l"l+i)(l''l+i){a, b}. 

For a S H*{M) we showed that Aan( ) is a derivation for both the loop product 
and the loop bracket, and an( ) is graded commutative and associative with respect 
to the loop product. What is the behavior of q n ( ) is with respect to the loop 
bracket? Formula (I4.12p says that a fl ( • ) on loop bracket is not a derivation or 
graded comniutativity: it is a Poisson identity! 

Poisson identities and Jacobi identities we have just proved in A* = H*{M) ® 
'R^{LM) show that A* is a Gerstenhaber algebra. In fact, A* can be formally turned 
into a BV algebra by defining a BV operator A on to be trivial on H* (M) and 
to be the usual one on ]HI»(LAf) coming from the homological S"^ action. 

Corollary 4.8. The direct sum = H*{M)®W^{LM) has the structure of a BV 
algebra. 

Proof. Since ]HI»(LAf) is a BV algebra and since we have already verified Poisson 
identities and Jacobi identities in A*, we only have to verify BV identities in A^. 
For a, /3 e H*{M), an identity 

A(aU/3) = (Aa)U/3+(-l)l"'aU(A/3) + (-l)l"'{a,/3} 

is trivially satisfied since all terms are zero by definition of BV operator A and the 
loop bracket on H*{M) C A^. 

Next, let a e H*{M) and b e H*(LM). Since the BV operator A on A^ acts 
trivially on H*{M), an identity 

A{a nb)^ (Aa) n b + (-l)l"'a n (Ab) + (-l)l"l{a, b} 

is really a restatement of the derivative formula of the homology 5'"'^ action operator 
A on cap product: A(a Db) = (-l)l"la n (Ab) + (Aa) n 6 in formula (|46l) . □ 

In connection with the above Corollary, we can ask whether H* (LAI) © {LM) 
has a structure of a BV algebra. Of course, H*{LM) together with the cohomo- 
logical S*^ action operator A, which is a derivation, is a BV algebra with trivial 
bracket product. Thus, as a direct sum of BV algebras, H*{LM) © IHI,(LM) is a 
BV algebra, although products between H*{LM) and Mt{LM) are trivial. More 
meaningful question would be to ask whether the direct sum H*{LM) © H, (LM) 
has a BV algebra structure extending the one on A* described in CoroUarv 14.81 If 
we want to use the cap product as an extension of the loop product, the answer is 
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no. This is because the cap product with an arbitrary element a G H*{LM) does 
not behave associatively with respect to the loop product in H*(LM): if a is of 
the form a = A/3 for some (3 G H*{M), then a n ( • ) acts as a derivation on loop 
product in ]HI*(LAf) due to (|4.5p and does not satisfy associativity. 

Remark 4.9. In the course of our investigation, we noticed the following curious 
identity, which is in some sense symmetric in three variables, for a G H*{M) and 
&,c G H,(LM). 

{a, h-c] + (-l)l''la • {h, c} = {a, 6} • c + • 6, c] 

^^■^^^ =(-l)(l"l+i)l''l(&-{a,c} + (-l)l"l{6,a-c}). 

This identity is easily proved using Poisson identities. But we wonder the meaning 
of this symmetry. 

5. Cap products in terms of BV algebra structure 

In the previous section, we showed that the BV algebra structure in H, (iA/) can 
be extended to the BV algebra structure in H*{M) ® ]EI*(LAf) by proving Poisson 
identities and Jacobi identities. This may be a bit surprising. But this turns out 
to be very natural through Poincare duality in the following way. For a G ]HI»(Af), 
we denote the element s*(a) G (LAf) by a, where s : M LM is the inclusion 
map. 

Theorem 5.1. For a G H,(A/), let a = D{a) G H*{M) he its Poincare dual. Then 
for any b G M^^LM), the following identities hold. 

(5.1) p*{a)nb^a-b, (-1)1"! A(p*(a)) n 6 = {a, 6}. 

Proof. Let 1 = s*([A/]) G Ho(LAf) be the unit of the loop product. Since p*(a)n& = 
p*{a) n (1 ■ &) = (p*(a) ni) • 6 by (g^), and since 

p*{a) ni = p*(a) n s*([Af]) = s^{s*p*{a) D [M]) = s,{a D [M]) = a, 

we have p* (a) Clb — a ■ b. This proves the first identity. 
For the second identity, in the BV identity 

(-l)l'^l{a, b} ^ A{a ■ b) - (Aa) • b - (-l)l'^la • A6, 

the first term in the right hand side gives 

A(a • b) = A(p*(a) n fe) = A(p*(q)) n b + (-l)'"lp*(a) n A& 

in view of the first identity we just proved and the derivation property of the 
homological action operator on cap products. Here p*{a) fl A6 = a ■ Ab. Since 
a G H, (Af) is a homology class of constant loops, we have Aa = 0. Thus, 

(-l)l"l{a, b} = A{p*{a)) n b + (-l)l"la • A6 - (-l)l'^la • A6 ^ A{p*{a)) n b, 

since |a| — — |a|. Thus, {a,b} = (— l)'"' A(p*(a)) Clb. This completes the proof. □ 

In view of this theorem, since H,(iA/) is already a BV algebra, the Poisson 
identities and Jacobi identities we proved in section 4 may seem obvious. However, 
what we did in section 4 is that we gave a new and elementary homotopy theoretic 
proof of Poisson identities and Jacobi identities using only basic properties of the 
cap product and the BV identity, when at least one of the elements is from ]HI»(Af). 

The above theorem shows that loop products and loop brackets with elements 
in IHI*(A4') can be written as cap products with cohomology elements in LAI. Thus, 
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compositions of loop products and loop brackets with elements in ElI*(Af) corre- 
sponds to a cap product with the product of corresponding cohomology classes in 
H*{LM). Namely, 

Corollary 5.2. Let ao, ai, . . . , G EII*(Af ), and let ao, ai, . . . G H*(M) be their 
Poincare duals. Then for b € M^{LM) , 

(5.2) ao-{ai, {02, . . . {a., 6} •••}}- [ao{Aai){Aa2) ■ ■ ■ (Aa.)] nb. 

In section 2, we considered a problem of intersections of loops with submanifolds 
in certain configurations, and we saw that the homology class of the intersections of 
interest can be given by a cap product with cohomology cup products of the above 
form (Proposition 12 . l| ) . The above corollary computes this homology class in terms 
of BV structure in H»(LAf ) using the homology classes of these submanifolds. 

Remark 5.3. In general, elements a,Aa for a £ H*{M) do not generate the en- 
tire cohomology ring H*{LM). However, if H*{M;Q) = Aq{ai,a2, ■ ■ .ar) is an 
exterior algebra, over Q, then using minimal models or spectral sequences, we have 

(5.3) H*{LM;Q) ^ Aq{ai,a2, . . . ar) ® Q[Aai, Aaa, . . . Aa^], 

and thus we have the complete description of the cap products with any elements 
in H*{LM;Q) in terms of the BV structure in M^iM; Q). 

References 

[1] M. Chas and D. Sullivan, String topology, CUNY, to appear in Ann. of Math. (1999). 
math.GT/9911159 

[2] R. Cohen and J. D. S. Jones, A homotopy theoretic realization of string topology, Math. Ann 
324 (2002), no. 4, 773-798. math.GT/ 0107187, 

[3] R. Cohen, J. D. S. Jones, and J. Yan, The loop homology algebra of spheres and projective 
spaces, Proc. of Alg. Topology, Conf., Isle of Skye, 2001. 

[4] A. Dold, Lectures on Algebraic Topology, Grundlehren der mathematischen Wissenschaften, 
vol. 200, 1972, Springer- Verlag, New York. 

[5] E. Getzler, Batalin-Vilkovisky algebras and two-dimensional topological field theories. 
Comm. Math. Phys. 159, 265-285 (1994). 

[6] J. Milnor, Characteristic Classes, Annals of Math Studies 76, Princeton Univ. Press, Prince- 
ton, 1974. 

[7] A. Stacey, Differential topology of loop spaces, |arXiv:ma th/0510097| 

[8] D. Sullivan Open and closed string field theory interpreted in classical algebraic topology, 
London Math. Soc. Lecture Notes, vol. 308, Cambridge Univ. Press, Cambridge, 2004, 344- 
357. |math.Q A/0302332 

[9] H. Tamanoi, Batalin- Vilkovisky Lie algebra structure on the loop homology of complex Stiefel 
manifolds, IMRN, vol. 2006, article ID 97193, 23 pages, arXiv: math/0703404 
[10] H. Tamanoi, Triviality of string operations associated to higher genus orientable surfaces, 
arXiv:0706.1276 

[11] H. Tamanoi, A homotopy theoretic proof of the BV identity in loop homology, 
arXiv:0 706.1277 

Department of Mathematics, University of California Santa Cruz 

Santa Cruz, CA 95064 

E-mail address: tajnaiioi@niath.ucsc.edu 



